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1. INTR~OUCTI~N 
In our earlier paper [6], we have considered the problem of the classification 
of all finite simple {2,3, 13)~groups, and have shown that this reduces to the 
study of a group G and an involution t E G such that Co(t) has a specific shape. 
The purpose of this paper is to eliminate this final configuration, which is the 
content of 
THEOREM 1. Suppose that G is a finite {2,3, 13}-group such that 
(a) All proper simple sections of G are isomorphic to SL(3, 3). 
(b) G has an inoolutiun t with the property that C,(t) = (t) x A, where 
A s Aut(SL(3, 3)). 
Then, G is not simple. 
As a corollary of Theorem 1, Klinger’s work (cf. [6]), and the Main 
Theorem of [6], we obtain immediately the following result: 
THEOREM 2. Suppose that G is a jinite simple (2, 3, 13}-group. Then, 
G g SL(3,3). 
Before beginning the proof of Theorem 1, a few preliminary words will 
perhaps not be out of order. Although on the surface, Theorem 1 appears 
to be a “centralizer of an involution” type-problem, this is in actual fact 
not the case. Indeed, in [6], we obtained, for any {2,3, 13)group satisfying 
condition (a) of Theorem 1, a uniqueness theorem for the elements of A,(13) 
under the assumption that SCNa( 13) # JZ . On the basis of this result, we 
can proceed in a fashion analogous to that of [6], using the subgroup C(t) 
merely as a “reservoir” of solvable subgroups of G, which we draw on from 
time to time. 
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Notation follows that of [6, 81. In particular, we employ the following 
terminology: 
For a group G, a prime p, and a positive integer r, &,(G; p) is the set of 
elementary abelian p-subgroups of G of rank r. If G is obvious from the 
context, we will often abbreviate this to a,(p). If G is a p-group, we set 
&dG; P) = &T,(G). 
A&) is the set of elements of gz(G; p) contained in elements of &,(G; p). 
Again, we will often merely write A(p) instead of A,(p), while if G is a 
p-group, we use the notation A(G). 
V(p) is the set of p-subgroups A, with the property that A contains every 
element of order p in C(A). 
Finally, S(G) denotes the solvable radical of G, that is, the largest solvable 
normal subgroup of G. 
2. PRELIMINARY RESULTS 
Throughout this section, G will denote a finite simple {2,3, 13}-group, all 
of whose proper simple sections are isomorphic to SL(3, 3). 
First, we will restate the uniqueness theorem mentioned in the previous 
section; it appears in [6, Theorem 3.11. 
UNIQUENESS THEOREM. Suppose that SCiVs(13) # o. Then, each element 
of A( 13) is contained in a unique maximal subgroup of G. 
Actually, in the proof of this uniqueness theorem as it appears in [6], we 
required also that &(A; 13’)) b e a 13’-group whenever A E SCN,( 13). 
That this is actually the case is a consequence of [6, Lemma 3.21 together 
with Glauberman’s critical extension of the signalizer functor theorem for 
odd primes [I]. We shall make use of this important result several times 
throughout the course of the present paper 
LEMMA 2.1. Suppose that G has 2-local3-rank at most 2. Then, one of the 
following occurs: 
(a) SCNs(3) = m, 
(b) SCN,(3) # O, and no element of b,(G; 3) centralizes an element of 
b,(G; 2) 
Proof. This is a restatement of [6, Lemma 2.31, the proof of which 
remains valid under our present hypotheses. 
LEMMA 2.2. Suppose that every proper section of G that is an E-group is 
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the direct product of at most two components (isomorphic to SL(3, 3)). Suppose 
further that A is a 3-group with A E V(3). Then, the following hold: 
(a) (&(A; 3’)) = O,(M), whenever A < M < G. 
(b) I f  A is abelian and m(A) > 3, then (&(A; 3’)) is a 3’-group. 
(4 If3E93, then every element of &,(3) is contained in a unique maximal 
subgroup of G. 
Proof. We begin by proving (a), so suppose that M is a proper subgroup 
of G that contains A and that there is some Q E II,(A; 3’) with Q 4 O,(M). 
Set m = M/O, f(M), P*(g) = O,(M) x B, where E = E(m). Now, XQ 
acts on O,(a), and moreover, we have 
[S, f4(Co8d4)1 d [&, 4 n O&W G & n OS@@) = 1. I 
By the P x Q-lemma we get [Q, O,(Z)] = 1, and so Q acts faithfully on 
E # 1. Now, E has at most two components, so A fixes each component 
of E. It follows since A E V(3), that 2 n K # 1 for each component H of i?, 
so in fact, 2 n R = &, has rank 2. Now, as Q admits A, then Q = 
Co(&)[Q, Ao] so Q fixes E, and we may assume that Co(K) # &. Next, as 
X,, G R then also, [Q, &,] G K. Since A,, normalizes no 3’-subgroup of R, 
then, [Q, &] = 1, and hence, Q centralizes &, . But again, no 3’-subgroup of 
Aut(SL(3, 3)) centralizes A,, , and we obtain the contradiction that [Q, KJ = 1. 
Hence, (a) is proved. 
Turning to (b), suppose that A E V(3) is abelian of rank at least three. 
From (a), we get immediately that O,(C(a)) n C(b) G O,(C(b)) whenever 
a, b E A#, so O,, is a solvable A-signalizer functor. By the Main Theorem 
of [l] we get that (O,(C(a)) 1 a E A#) = R is a 3’90~~. On the other hand, 
if Q E &(A; 3’), then we get Q = (Co(a) 1 a E A#) < (O,(C(a)) 1 a E A#), 
the latter containment following from (a). Hence, R = (&(A; 3’)), and (b) 
follows. 
Finally, suppose that 3 E ~a, with R a Sylow 3-subgroup of G and 
A E SCN,(R). By (b), we get that Q = (&(A; 3’)) is a 3’-group, and 
moreover, Q # 1 as 3 E ~a . Set N = N,(Q). We will show that N is the 
unique maximal subgroup of G that contains any element of 643). 
To begin with, the argument of the last paragraph yields that Q = 
<O,(C(v)) / v E I’#) whenever V E b,(A), and it follows immediately that 
N(V)<N(Q) =Nf or every such V. Next, we show that N( IV) G N for all 
WE A(P). Suppose that such a W has the property that 
Q = (O,*(C(w)) / w E W#). 
In this case, we get N(W) G M as above, and so if A, E e(3) and A, contains 
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W, then A, < IM. By (a), we know that A, normalizes a unique maximal 
3’-subgroup of G, which therefore, must be Q. Hence, to prove in general 
that N(W) < N whenever WE A(P), it is enough to exhibit a sequence of 
elementary subgroups W < Fl , F, ,..., F, < Gr(A), such that each Fi has 
rank 3 and Fi n Fi+l has rank 2 for 1 < i < n - 1. As SCNs(P) f “, it is 
well known that this is always possible. Hence, we have N(w) < N for all 
w E A(P). 
Finally, let B E &s(P), and suppose that there is a proper subgroup S of G 
such that B < S 4 N. Among all such choices of S, we may assume that S 
is chosen so that 1 S n N ja is maximal and that 1 S 1 is a minimal subject to 
these conditions. Let Sa be a Sylow 3-subgroup of S n N containing B. 
Then, choice of S ensures that S, is a Sylow 3-subgroup of S. Now, SL(3,3) 
is generated by all of its solvable subgroups that contain a fixed Sylow 
3-subgroup (that is, SL(3, 3) is generated by its parabolic subgroups) so the 
same is true of any proper subgroup of G. Thus, minimality of / S ! ensures 
that S is solvable. 
Let D = Sa n O,,,,(S), so that S = O,(S)N,(D) by a Frattini argument. 
Since O,(S) = (Co,,&B,) 1 B, E E,(B)), then, O,(S) < N by the last 
paragraph, so as S $ N, we get N,(D) $ N. Minimality of : S I yields 
D Q S. 
Now suppose that D has a noncyclic, characteristic, elementary abelian 
subgroup E. Then, E 9 Sa , so as Sa has rank at least 3, we get &a(E) C A(P). 
Now, we showed above that if V E A(P), then Q = (O,(C(o)) j 2: E V#), in 
particular, this holds for the elements of b,(E). As E 4 S, then S permutes 
the elements of &‘a@‘) among themselves, so S < N(Q) = N. This is not 
the case, so E does not exist. Therefore, we have shown that D is of symplectic- 
type. 
Suppose D has width at least 2. Then each element of b,(D) lies in A(P) and 
we reach a contradiction by the same argument. Thus, we may assume that D 
has width 1. We will show that Q = (&(D; 3’)), in which case we get 
S < N,(D) < N(Q) = N, the desired contradiction. 
We certainly have Q < (H(D; 3’)). C onversely, suppose that X E ki(D; 3’). 
Now, as D is of symplectic-type, then Z = Ql(Z(D)) has order 3, so S < 
C(Z) 4 N, and hence, since Z = J2r(Z(P)), we get P < S by maximality 
of 1 S n N 1s. Since D Q P, then D contains an element U E G?(P), so 
X E H(U; 3’) and X = (C,(U) 1 u E P). Clearly, C(Z) is solvable, so if 
u E U with (u) -G Z, then C(U) is also solvable. On the other hand, if 
(u) +o Z, C,(u) is a Sylow 3-subgroup of Co(u), and so Cc(u) is solvable by 
the structure of P. Hence, in any case, C(U) is solvable for all u E CJ#. By 
[8, lemma 6.11 we get U < O,t,,(C(u)) for each u E Us. Now, if X,, = Cr(u), 
we get X,, = [X,, , Z] Cxo(Z), and [X0, Z] < O,(C(u)) by the previous 
remark. 
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Finally, we have O,(C(u)) < Q as before, whereas Cx,(Z) = C,(U) < 
WC(z)) d 8. We h ave thus shown that C,(u) < Q for each u E U#, so 
X < Q, as required. All parts of the lemma are proved. 
3. THE PROOF OF THEOREM 1 
Throughout the remainder of the paper, G will denote a minimal counter- 
example to Theorem 1. We let t be an involution of G such that C = Cc(t) = 
(t) x A, where A z Aut(SL(3, 3), set L = 02(A) g SL(3, 3), and fix all 
of this notation. 
Observe that 1 A : L / = 2, A = L(U) for some involution u E A - L, and 
that C,(u) s PGL(2,3); IJ will always denote some fixed, but arbitrary, 
involution of A -L. 
We begin with the “usual” result concerning the 2-local subgroups, 
namely, 
LEMMA 3.1. The following conditions hold. 
(a) SCN,W Z a, 
(b) O(N) = 1 for every 2-local subgroup N of G. 
Proof. For the proof of (a), we refer the reader to [3]. We observe here 
only that, as a simple consequence of a result of MacWilliams [7], we have 
(assuming SCNs(2) = ,@a) that any 2-local subgroup is either solvable or 
non 2-constrained. The interested reader can sort out the proof appropriate 
to our own situation from [3]. 
As for (b), suppose that N = N,(F) for some 2-group F # 1. Since 
SL(3,3) is l-balanced, we get O(C(x)) = 1 for all involutions x of G by (a) 
and a theorem of Gorenstein and Walter [4], so if O(N) # 1, we must have 
1 F / > 4. Choose F to be a 2-group of minimal order subject to O(N) = 
Q # 1, and letF, be a maximal subgroup ofF. Hence, FI # 1 and O(N,) = 1, 
where NI = N(F,). 
Set B = O,(N,). We have [Q, C,(F)] < B n Q = 1, so [Q, B] = 1 by 
the P x Q-lemma, so Q acts faithfully on E = E(N,). Now, choose f E F - FI. 
Then, f permutes the components of E in orbits of length one or two. First, 
suppose that K is an (f )- invariant component of E, and let T be a Sylow 
2-subgroup of C&f ). Then, Q admits T, so Q = C,(T)[T, Q], so Q must 
fix K, and hence, induce inner automorphisms of K. Next, suppose that I& 
is a component of E with K2 = KIj # KI, and T a Sylow 2-subgroup of 
CKIK,( f ). Again, we have Q = C,(T)[T, Q], and [T, Q] < E must fix 
KI and K, . Moreover, C,(T) must fix {KI , K,), and hence, induce inner 
automorphisms on both KI and K, since Q has odd order. Thus, we have 
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shown that Q induces inner automorphisms on each component of E, which 
forces Q = 1 as required. The lemma is proved. 
The remainder of the proof is concerned mainly with the structure of the 
3-local subgroups of G. We first prove 
LEMMA 3.2. SCN,(3) # 0. 
Proof. Suppose false. Then we have 3 E rrs , and in particular, we find 
that all 3-local subgroups of G are solvable. We start by showing that 
(*) C contains a Sylow 3-subgroup of G. 
For, let Ii, be a Sylow 3-subgroup of C, so that R, is extra-special of order 
27 and exponent 3, and let R be a Sylow 3-subgroup of G containing R, . 
Set R, = NR(R,,). Now, we have (t) x Z(RO) = Cc(&), from which it 
follows that (t) is a Sylow 2-subgroup of C,(R,,). By a Frattini argument, we 
get N(R,) = C(R,) CNcRO)(t), so as R, is a Sylow 3-subgroup of C, we have 
R, < C(R,) R,. Furthermore, C(R,,) = (t) O(C(R,)), so let R, be a (t)- 
invariant Sylow 3-subgroup of R,O(C(R,)). If x is an element of order 3 in 
R, - R,, , then (R, , x) has rank 3, against 3 E 7~s. Thus, R,, = &(R,) = 
CR2(t), so [t, R,] = 1 and so R, = R, . It follows that R, = R, = N,(R,), 
and (*) is immediate. 
Now, if C contains a Sylow 2-subgroup of G, we get from (*) that 1 G : Co(t)1 
is a power of 13, against a theorem of Burnside. Thus, if T is a Sylow 2-sub- 
group of C, then there is a Sylow 2-subgroup G, of G with T < G, . Hence, 
we may choose x E N,$ T) - T. Since .Z( T) = (t, z), where (z) = Z( T n L), 
we find that tx = tz. Now, there is a Sylow 3-subgroup R of C such that 
2 = Z(R) centralizes z. In fact, we have that Z is a Sylow 3-subgroup of 
C((Z, z)), so we may assume without loss that x normalizes Z. 
Finally, consider N = N(Z). N is solvable, so t E O,*(N) by (*). But then, 
2 = [t, X] E O,(N), a contradiction because {(t)) = El&R; 3’). The lemma 
is proved. 
LEMMA 3.3. C does not contain a Sylow 2-subgroup of G. In particular, 
t is conjugate to tx for each involution z EL. 
Proof. We only need prove the first statement, since the second is an 
easy consequence of it (note that all involutions of L are conjugate in L). 
Suppose that C contains a Sylow 2-subgroup T of G. Then, Z(T) = (t, z), 
where (z) = Z(T n L), and (z} = Z(T) n T’. 
Clearly, the elements of (t, a)* are pairwise nonconjugate in N(T), hence, 
they are nonconjugate in G by Burnside’s transfer theorem. Thus, t is 
conjugate to no involution of T n L. On the other hand, t is conjugate to some 
element of T n A by Thompson’s transfer lemma, so t is conjugate to 
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u E (T n A) -L (note that all involutions of A - L are conjugate in A). 
Hence, there is an element x E G satisfying ZP = t and Cr(u>5 < T. Now, 
we have C,(u) = (t) x (u) x D, where D is dihedral of order 8, so if 
(z) = Z(D) < L we get x2 = z, that is, x E N = C&z). Now, Nis solvable, 
O(N) = 1 by Lemma 3.1(b), and t E F = O,(N). Let R be a group of order 
3 in C,(Z). As R is faithful on F and u = t”-l EF, the only possibility is 
F = (t) x P, where P s Qs*& . But then, Q&Z(F)) = (t, a), against the 
fact that u = 6 E QI(Z(F)). This proves the lemma. 
LEMMA 3.4. Let P be a Sylow 13-subgroup of G and suppose that 
SCN,(P) # 0. Then, the following hold: 
(a) P is contained in a unique maximal subgroup M of G. 
(b) M is solvable. 
(c) C(x) < M for each 13-element x of M#. 
Proof. (a) is just a restatement of the uniqueness theorem of Section 2. 
Next, let P, be a Sylow 13-subgroup of C so that j P,, j = 13 and (t, u) is a 
Sylow 2-subgroup of N&P,,) f  or some involution u E A - L. Then, u inverts 
P,, , and (t) is a Sylow 2-subgroup of C,(P,). Thus, (t) is a Sylow 2-subgroup 
of C,(P,J. Let PI be a (t, u)-invariant Sylow 13-subgroup of O(C(P,)), and 
define Pz via P, < PI < P, E &*((t, u); 13). We will show that Pz is a 
Sylow 13-subgroup of G, so set N = N(P,), and let T be a Sylow 2-subgroup 
of N that contains (t, u). I f  (t, u) < CT(t), then C < N, since L is generated 
by P, and any involution of L. In this case, we get P,, = Pz n C Q C which 
is ridiculous, so in fact (t, u) = CT(t), and so T is of maximal class. Suppose 
that N is not solvable. Then, N/S(N) E SL(3,3), and S(N) has odd order. 
But in this case, t must be a square, which is not the case. Thus, N is solvable. 
As T is of maximal class, then O(N) contains a Sylow 13-subgroup of N, 
and it follows that Pz is a Sylow 13-subgroup of G, as claimed. 
Thus, we can assume that P, < P ~&*((t, u); 13), in which case 
P(t, u) < M. I f  T is a Sylow 2-subgroup of M containing (t, u>, and if, 
moreover, we have (t, u) = CT(t), then we may argue that M is solvable as 
in the last paragraph. Thus, as we are trying to show that M is solvable, 
we may assume that (t, u) < CT(t). H ence, C < M, again, as in the previous 
paragraph. Set S = S(M), and suppose first that t E S. Then, we get 
S = O(S)(t) and M = O(M)C. On the other hand, if t E S then S has odd 
order. In this case, set m = M/S and consider E(M) # 1. As E acts faithfully 
on E(m) it is easy to see that E(a) is the product of at most two components. 
It follows, whatever the possibility for S(M), that O(M) has order divisible 
by 13, so let Q be a (t, x)-invariant Sylow 13-subgroup of O(M) for some 
involution z EL. 
Now, Co(t) = 1, in particular, Q is abelian. Suppose that Q,, = Co(t.z) # 1. 
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As Q is abelian and SCNa(13) # @, we see that N(Q,) < M by uniqueness. 
But by Lemma 3.3, we have t N tz, so C(tz) < (tz, N&Q,,)) < M. But 
then we get Q0 < O(M) n C(tz) < O(C(tz)) = 1, a contradiction. We have 
thus shown that C,(tz) = 1, in which case [Q, Z] = 1. Finally, consider 
D = O(M)L. By the Frattini argument, we have D = O(M)N,(Q). Since 
L is simple and z E C,(Q), we get D = O(M)C,(Q) so that Q centralizes a 
Sylow 2-subgroup T of L, and that (z) = Z(T) (note that T is semidihedral 
of order 16). Set H = C(T), with Hz a Sylow 2-subgroup of H containing 
(t, z>. Since (t, Z) = C,(T), we get (t, x) = CH2(t), and hence, Hz has 
maximal class. Thus, His solvable and O,(H) has 2-rank at most 2. But now, 
we get [O,(H),Q] = 1, soQ < O(H) = 1, the latter equality by Lemma 3.1(b). 
This is a contradiction that proves (b). 
We turn our attention to (c). Since P admits (t, u), we have P = 
(C,(x) I x E (t, u)#), and moreover, P0 = Cp(t). Suppose that C,(x) is 
noncyclic for some x E (t, U) - (t), and let I’ E &,(C,(x)). If I’ E A(P), then 
C,(X) < M by uniqueness, in which case we get C = (P,, , C,(x)) < M 
against (b). On the other hand, if I’$ A(P), then V = G,(C,( V)) = 1, so 
[x, P] = 1 by the P x Q-lemma, a contradiction since [x, PO] # 1. We have 
thus shown that no such I’ exists, so C,(x) is cyclic for each x E (t, u)“. From 
this, we deduce that 1 P : al(P)1 < 133, so by a theorem of Hall [5, Satz 10.131 
we get that P is regular. Thus, i&(P) has exponent 13 and so ] i&(P)1 < 133. 
Since SCN,(P) # @ it is immediate that Ql(P) is elementary abelian of 
order 133, so 8,(P) C A(P). By uniqueness, we get M is the unique maximal 
subgroup of G containing any element of b,(M; 13), and (c) is immediate. 
This completes all parts of the lemma. 
LEMMA 3.5. G satisfies the hypotheses of Lemma 2.2. 
Proof. If G has 13-rank < 2, then there is nothing to prove, so we may 
assume that SCNs(13) # ,@. In this case, the lemma is a simple consequence 
of Lemma 3.4(b) and (c). 
LEMMA 3.6. We have 3 E r4 . 
Proof. Suppose false. Then, by Lemma 3.2, we get 3 ~=a. Let R be a 
Sylow 3-subgroup of G. Then, Q = (M(R; 3’)) # 1. By Lemma 2.2 
(applicable by Lemma 3.5) we get that Q is a 3’-group, and that iV = N(Q) is 
a uniqueness subgroup for the elements of 6,(R). Now, we may assume that 
R contains a Sylow 3-subgroup R, of C, so if 2 = 2(&J, we get N(Z) < N 
by uniqueness. In particular, N contains a four-group (t, z), where a is an 
involution of C&Z). Now, by Lemma 3.3, we have t wG tx, so as 2 is a 
Sylow 3-subgroup of Cc((t, z)) and as t N tz in N((t, z)) then t N tz in 
N(Z) < N. 
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Suppose that Q has even order. Then, Co(t) # 1, which forces (1) to be 
a Sylow 2-subgroup of Q. But t wN tx, so tx EQ, so (t, z) < Q. This is a 
contradiction, so we have shown that 1 Q 1 is odd. 
Next, we show that C < N. If each element of &‘a(&) lies in A,(3), we get 
N(A,) < N for all A,, E &‘s(R,,) by Lemma 2.2(c), so 
Thus, we may assume that A, 4 A,(3) for some A, E da(&), in which case 
A, E V,(3). Let B be a (t, z)A,,-invariant Sylow 3-subgroup of Os,,s(N). 
Applying the P x Q-lemma to the action of (t> x A,, on B yields [t, B] = 1. 
As t N tz in N, then also, [tz, B] = 1, and it follows easily that B < 2. 
In any case, 1 B 1 < 2, so N is clearly not 3-constrained. By Lemma 3.4 
and the fact that Q # 1, N = N/O,,(N) has a .unique component, and as 
A,, $ A,(3), we easily see that & is a Sylow 3-subgroup of E(m). As N has 
3-rank at least 3, we again obtain that A,, E A,(3). This is false, so we 
conclude that C < N as desired. 
Finally, it follows from C < N that N = S(N)A, and that t E S(N). 
Since t N tz in N, then tz E S(N). But then, x E (t, tz) < S(N), so 
z E S(N) n L 4 L. As L is simple, this is impossible, and the lemma follows. 
LEMMA 3.7. If B is an elementary abelian 3-subgroup of G with m(B) 3 3, 
then &(B; 2) = (1). 
Proof. Let 9’ be the set of elementary abelian 3-subgroups of G such 
that m(B) > 3 and H(B; 2) # (1). W e must show that Y = %, so suppose 
that this is not the case: 
Case 1 
Y contains an element of Y(3). In this case, let B E Y n g(3), and choose 
1 #F E&*(B; 2). Now, by Lemma 2.2(b) (applicable by Lemma 3.5) 
we have Q = (M(B; 3’)) is a 3’-group, so F is a Sylow 2-subgroup of Q, and 
in particular, Q # 1. A simple argument shows that P normalizes Q whenever 
P is a Sylow 3-subgroup of G that contains B, so H(P; 3’) # (1) against 
Lemma 3.6. Thus, this case cannot occur. 
Now, for each integer i, let 9< be the set of elements of Y of rank i, and 
let d be the largest integer such that Yd # O. Hence, d > 3. By Case 1, 
we know that each B E y& is contained in an elementary subgroup of order 
3d+l. 
Case 2 
Every B E Yd is such that C,(B,) is 3-constrained whenever B, E 8&B). 
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S&case 2(a). If F E Mc*(B; 2), B E Sp, , then F is not of symplectic-type: 
Now, we can choose B, E cYdpl(B) so that F, = C,(B,,) # 1. By hypothesis, 
K = C(B,) is 3-constrained. Since K contains an element of V(3), O,(K) 
has odd order, so F,, acts faithfully on some Sylow 3-subgroup S of Os,,a(K). 
Suppose F,, has rank > 3. Then, F,, contains an elementary subgroup E of 
order 8, so S contains a subgroup R of type (3,3,3) such that RE g 
Es x x3 x x3 by [S, Lemma 5.341. But R n B, = 1, so some involution 
of E centralizes a hyperplane of B, x R, against the maximality of d. Thus, 
F,, has rank < 2. 
Now, if C,(B,) has rank < 1 for all B, E gdyl(B), then F is of symplectic 
type. This is not the case, so we have that F,, = C,(B,) has rank 2 for some 
B, E b,-,(B). Let V be a four-subgroup of F, . By [8, Lemma 5.34, we find 
that some z, E V# centralizes an elementary subgroup B* of S of rank d, so 
replacing B by B*, and F by a maximal element of kI(B*; 2) that contains 
v if necessary, we may assume that C,(B) # 1. We then find that C,(B) has 
rank 1. 
Finally, let A be a noncyclic elementary abelian characteristic subgroup 
of F that contains 2 = Gl(Z(F)), and suppose that C,(B) = 1. Then, 
there is B, E b,-,(B) such that 1 C,(B,)I = 4. But then, C,(B,) contains 
an elementary subgroup of order 8 (namely, C,(B,) x il),(C,(B)), against a 
previous statement. We have shown that C,(B) # 1, so 2, = C,(B) = C,(B) 
has order 2. It follows that 1 C,(B,)I > 8 for some B, E b,-,(B), which is 
again a contradiction, so this case cannot occur. 
Subcase 2(b). There is some B E Yd and FE H*(B; 2) such that F is of 
symplectic type. 
In this case, 2 = Lll(Z(F)) has order 2. Now, set N = N(F) and suppose 
first of all that N is 2-constrained. As F = O&V), then 2 = Q,(Z(T)) 
whenever T is a Sylow 2-subgroup of G containing F, so M = C(Z) contains 
a Sylow 2-subgroup of G, hence, we may assume that M contains the involu- 
tion t. It is now easy to see that M is also 2-constrained, and the argument 
of Subcase (a) shows that O,(M) is also of symplectic-type. As M has 3-rank 
at least 3, then O,(M) has width w, w > 3. As Z < C then M contains a 
subgroup X of C of order 3. Now, as O,(M) has width > 3, we evidently have 
t $0,(M), so (t) x X acts faithfully on O,(M), so X is faithful on COI&t) 
by the P x Q-lemma. Now, CO,cM,(t) has rank at least 2 and exponent at 
least 4, so by the structure of C, it follows that COocM,(t) g 2, * Q8. We 
deduce that w < 4. Now, we get that O,(M) cannot admit the faithful action 
of a group of order 13, so M is a {2,3)-group, hence, is solvable. 
Now choose a subgroup B, of B of order 3 such that C(B,) n O,(M) has 
rank at least d (this is always possible), and choose E E b,(C(B,) n O,(M)) 
such that Z < E. 
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We easily see that C(B,) is 3-constrained, and O,(C(BJ) has odd order 
since C(B,) contains an element of V(3). By [8, Lemma 5.341, there is an 
involution e E E# such that C(e) contains an E-invariant subgroup 
B* E b,(O,,,,(C(B,)); 3) with [B*, Z] # 1. 
Set M* = C,(e). The argument of subcase (a) shows that 0,(&I*) is of 
symplectic type. Now if M* is also 2-constrained, then (e) = Ql(Z(O,(M*))), 
and M- M*. Now, Co,cM,(e) contains an extra-special subgroup D of 
width w - 1 with Z = Z(D). As [Z, B*] # 1 we get Z $ O,(M*), so D is 
faithful on O,(M*). As M* is solvable this contradicts [8, Lemma 5.131. 
Therefore, we have shown that either Nor M* is not 2-constrained, so we 
assume without loss that N is not 2-constrained. 
Since N is not 2-constrained, O(N) = 1 by Lemma 3.1(b), and F*(N) = 
F x E, where 1 # E is a direct product of one or two copies of SL(3, 3). 
Let E, be a component of E. Then, B normalizes E. and B, = C,(E,) has 
index 9 in B, in particular, B, # 1. Let K = C,(B,,). Since K contains an 
element of V(3), then we get O,<(K) = 1 by the argument of Case 1. Next, 
we show that K is 3-constrained: otherwise, in view of Lemma 2.2, E(K) has 
a component K,, g SL(3,3) that is normalized by an element B* E b,+,(K; 3), 
so B,* = C&K,) has order 3d-1 and B, < B,*. Evidently, C(B,*) is not 
3-constrained, against the basic hypothesis of case 2, so this is impossible and 
K is indeed 3-constrained. 
Finally, set H = O,(K). Hence, Z x E, acts faithfully on H by the last 
paragraph. If  a is any involution of E, , then [8, Lemma 5.351 guarantees 
the existence of an element of H of order 3 centralized by Z but inverted by a, 
and we deduce that E,, acts faithfully on D = C,(Z). Let P be a Sylow 
13-subgroup of E, and suppose that D, = [D, P] contains a characteristic 
abelian subgroup A satisfying [A, P] # 1. Then, we get m&4, P]) > 3, 
hence, B, x [A, P] is an abelian subgroup of rank at least d + 1 centralized 
by Z. This is impossible, so P centralizes each characteristic abelian subgroup 
of D,, so D, is a special 3-group by [8, Lemma 5.171 (cf. [5, Satz 13.61). 
Let 1 # r be an irreducible P-subspace of D,, = Do/@ (D,,), with V the 
inverse-image of B in D, . We show next that V is nonabelian. For, otherwise, 
[V, P] has rank at least 3, and B, x [V, P] has rank at least d + 1, a contra- 
diction as before. As V is nonabelian, we deduce that V = VI x V, , where 
V, < Z(V) and V, is special. Moreover, P is trivial on Z( V,) and irreducible 
on V,/Z(V,). By [4, Th eorem 5.5.61, we deduce that 1 P ( = 13 divides 
3’ + 1 for some integer r. But there is no such r, which contradiction com- 
pletes the proof of case 2. 
Case 3 
There is B E Yd and B, E b,-,(B) such that Cc(B,) is non 3-constrained. 
Set K = C(B,). As before, we get O,,(K) = 1, so F*(K) = O,(K) x E, 
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where E = E(K). If E has more than one component, the maximality of d 
is contradicted (since SL(3, 3) contains A, as a subgroup), so E g SL(3,3). 
Now, if B, is a hyperplane of B, , then m(B,) = d - 2 > 1, and C(B,) is not 
3-constrained. As m(O,(C(B,))) > d - 2, then E(C(B,)) G SL(3, 3), and 
hence, E(C(B,)) = E for each hyperplane B, of B, , so C(B,) < N(E) for 
every such B, . 
Now, let FE I?f*(B; 2). We have F = (C,(B,) / B, E b,-,(B,)), and so 
F < N = N(E). As N 3 K, then O,(N) = 1, andF*(N) = O,(N) x E x El, 
where either El = 1 or El E SL(3,3) and O,(N) > 1. Setting B, = 
B, n C(E x El), maximality of d ensures that SZ1(Co,&B2)) < B, , so 
[F, Ql(C03(N)(B2))] < F n O,(N) = 1, and the P x Q-lemma yields 
[F, O,(N)] = 1. Moreover, if El # I, then B, n El g (3,3) by maximality 
of d, hence, [F, $1 = 1. From these facts, we deduce that F acts faithfully 
on E, so EF is isomorphic to either SL(3, 3) or Aut(SL(3, 3)). 
Next, let M = N,(F). Hence, O(M) = 1, F = O,(M), and M is not 
2-constrained. Thus, F*(M) = F x E(M), and E(M) # 1, and we find that 
B, is a maximal elementary abelian 3-subgroup of E(M). Furthermore, if R 
is a Sylow 3-subgroup of E(M) that contains B,, , then B, 4 R, and so R 
normalizes, and even centralizes E. We deduce that E = E(C(B*)) for each 
B* E d,-,(R). 
Now, suppose that V E cTz(Bo). We get that E < E(C(V)). In fact, as E 
centralizes B, , then E must be a component of E(C( V)), and we deduce that 
02( C( V)) < N. Replacing B, by any B* E b,-,(R), we find that O*( C( V)) < N 
for all V E 6,(R). Since E(M) = (02(CE(,)(V)) 1 VE cT2(R)), then E(M) < N, 
and so [E(M), E] = 1. By Lemma 3.5, we get E(M) z SL(3,3), so d = 3 
and 02(N) = E(M) x E. 
Now, set El = E(M). Because of the symmetry between E and El , we get 
N = N(E) = N(E,), and in particular, M < N(E,) = N. It follows, since 
O,(N) = 1, that E x El contains a central involution of G, so we can assume 
that E x El contains an involution x EL with z a central involution of N. 
Let R be a subgroup of E of order 3. Then, as before, El is a component of 
C(R). As d = 3, then C(R) has a unique component, so El 4 C(R), so 
C(R) < N. Similarly, C(R,) < N for each subgroup R, of El of order 3. 
Let i be an involution of E, with H = O,(C(i)). If R, is a Sylow 3-subgroup 
of El , then R, < C(i), so H = (C,(x) 1 x E RI+) < N by the last paragraph. 
It follows immediately that [H, El] = 1, and that Er is a component of C(i). 
Again, the fact that C(x) < N for x E RI+’ forces El = E(C(i)), so C(i) < N. 
By symmetry, we get C(j) < N for each involutionj E El . 
Finally, we pass to consideration of the final configuration. Namely, by the 
structure of C and Lemma 3.3, we see that a ?&-subgroup of G has center of 
order 2, so X = C(z) is 2-constrained. Set K = O,(X) and let R be a sub- 
group of order 3 in X n C. If Y is a characteristic elementary subgroup of K 
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ofrank > 3, thenm(Cr((t)) 3 2. IfteA, thenm(C&)) =2,and[Cr(t),R] = 1. 
If  t $ Y, then Y < C and [Y, R] = 1. Either possibility violates the structure 
of C, so there is no such Y and the characteristic abelian subgroups of K 
have rank at most 2. Now, there are subgroups S, < E, S, < El, with 
& c SL(2,3), Si x S, < X. Let Q; = Os(Si) with R, a &subgroup of S, , 
i = 1,2. We have by the P x Q-lemma that R, acts faithfully on CR(Q,). 
Since C,(Q,J < N by an earlier paragraph, we easily find that Q1 < K. 
By symmetry, we also get Qa < K, so +(K) is noncyclic as it contains 
#(QI x Qs>- W e d d e uce that K is not of symplectic type, hence, has a charac- 
teristic elementary abelian subgroup of rank 2. Such a subgroup is necessarily 
centralized by R, x R, , so we must have D = #(Qi x Q2) char K, and 
1 N,(D) : C,(D)1 < 2. Since X contains a $-subgroup of G and C,(D) < N, 
we deduce that ] G : N 1 is either odd or twice odd order. Thus, by Thompson’s 
transfer lemma, N contains a conjugate oft, say t’. Suppose that t’ fixes both E 
and El . This is incompatible with the structure of Co(t’) s C, so we must 
have Et’ = El . Thus, t’ E N,(D) - C,(D). As C,(D) < N, then N contains 
a Sylow 2-subgroup of G, so by Thompson’s transfer lemma, there is an 
involution t” E N such that t - t”, and such that t” fixes both E and El . 
This leads to a contradiction as before, so the proof of Lemma 3.7 is complete. 
Proof of Theorem 1. We return to the group C, and let Z be a subgroup of 
order 3 contained in the center of someSylow 3-subgroup of C. Set N = N(Z). 
Now, N has 3-rank at least 3 since 3 err,, so we get O,(N) = O,,(N) by 
Lemma 3.7. Set m = N/O,(N), and suppose that m is not 3-constrained. 
Then, E(r) # 1, and there is an involution a~ E(N). Hence, CE(&n) has 
3-rank 2, and so, Cos& a has 3-rank at least 3, against Lemma 3.7. Thus, ) 
N is 3-constrained. Now, there is an elementary abelian subgroup D of order 8 
contained in N,(Z) so D acts faithfully on Os(w). By [8, Lemma 5.341, we 
find that some four group of iI centralizes a noncyclic subgroup of O,(m), 
which contradicts Lemma 2.1. This completes the proof of Theorem 1. 
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